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INSTRUCTIONS | 38

. DO NOT TURN TO THE NEXT PAGE UNTIL YOUR COMPETITION

MANAGER TELLS YOU TO BEGIN.
FEARMC 2 Y5 I 7R 15 A SR L -

. This is a 15-question competition. All answers are integers ranging from 000 to

999, inclusive.
Rt —EAAE | S5 8 H TSR > M H AE R 000 E 990 #a 4 (f
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. Mark your answer to each problem on the answer sheet with a #2 pencil. Check

blackened answers for accuracy and erase errors completely. Only answers that are
properly marked on the answer sheet will be scored.
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. SCORING: You will receive 1 point for each correct answer, 0 points for each

problem left unanswered, and 0 points for each incorrect answer.
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. Only blank scratch paper, rulers, compasses, and erasers are allowed as aids.

Prohibited materials include calculators, smartwatches, phones, computing devices,
protractors, and graph paper.
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. Figures are not necessarily drawn to scale.
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. Please bubble in carefully the mobile phone number used for registration. This

mobile phone number will be used as your unique identification number. The
wrongly filled mobile phone number could lead to invalid test score, and such
consequence has to be borne by the participant.
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. You will have 3 hours to complete the competition once your competition manager

tells you to begin.
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. All the problems are written in both English and Chinese. In case of any

discrepancy between the two versions, the English version shall prevail.
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1. Find the sum of all positive integers n such that n + 3 divides the prod-
uct 4(n +4)(n® + 20).

RITA AL E B n F0, 545 n+3 R EBRR 4(n+4)(n? +20).

. Six points A, B,C, D, E, and F lie in a straight line in that order. Suppose
that G is a point not on the line and that AC = 26,BD = 22,CE =
31, DF =33, AF = 73,CG = 40, and DG = 30. Find the area of AAGE.

A, B,C, D, E, FAERNAFHINE-—FILREN AL REGR
FEZXERAAZLEMNS, B AC =26, BD =22, CE =31, DF = 33,
AF =73, CG =40, DG =30. £=A# AAGE #9@#R.

. Four unit squares form a 2 x 2 grid. Each of the 12 unit line segments
forming the sides of the squares is labeled with one of the four numbers
1,2, 3, or 4, such that the boundary of each unit square contains exactly
one occurrence of each number 1, 2, 3, and 4. One example is shown
below. Let N be the total number of such labelings. Find the remainder
when N is divided by 1000.

AP EFHEART 2 X 28R, MR EEF BN 12 F 254
B HE—5#EEL, 2, 3, 4 AR PG4, BFEFARLEFH
fi R EEL, 2, 3, 4 i E B R—Kk. THASE T —FH4& K04k
A EHTH . ENAXFENIFHA RO ER. KN &L 1000 69 424,
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4. Suppose AABC has angles /BAC = 86°, ZABC = 60°, and ZACB =

34°. Let D,E, and F be the midpoints of sides BC, AC, and AB, re-
spectively. The circumcircle of ADEF intersects BD, AE, and AF at
points G, H, and |, respectively. The points G,D,E, H,], and F di-
vide the circumcircle of ADEF into six minor arcs, as shown. Find
DE +2- HJ + 3 FG, where the arcs are measured in degrees.

& AABC ¥, /BAC =86°, LZABC =60°, L/ACB=34°, D, E, F
4% 2 BC, AC, AB# ¥ 5. =% DEF #9548 5 BD, AE, AF
245G, H, &4, &BF, £G, D, E, H, |, F¥=## DEF
6 3h3E W SR E . K DE+2-Hj+3.-FG # %,
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. The product is equal to %, where m and n are relatively prime positive

integers. Find m + n.

TaRORREFT D, Admfon RERHEEK. Lmtn 6545,

-1
00 log (5°71)  log, (5) log, (59) logs (5%) logg (5°%)
k=3log;, (5k2‘4) log, (57) logs(5'%) logs (5%1)  logg (599%)
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6. Let A be the set of positive integer divisors of 2025. Let B be a randomly

selected subset of A. The probability that B is a nonempty set with
the property that the least common multiple of its elements is 675 is %,

where m and n are relatively prime positive integers. Find m + n.

A H 2025 0 EEZAHMAGESL. KB AMMREN ANTE.

BR-AFEELELIAEN RN AEHROTSMEH D, b mfo
nRALFHEELY. Km+n d94L.

. Circle w withradius 6 centered at point A is internally tangent at point
B to circle w, with radius 15 . Points C and D lie on w; such that BC is
a diameter of wy and BC L AD. The rectangle EFGH is inscribed in wy
such that EF | BC, C is closer to GH than to EF, and D is closer to FG
than to EH, as shown. Triangles ADGF and ACHG have equal areas.

m
n’

The area of rectangle EFGH is %, where m and n are relatively prime

positive integers. Find m — n.

Ban dgFzh6, oA A EFEAIGEHw £5B AR, 5C
#D4iFH w, b, /3 BC AW w, #9#42, # A BC L AD. B ¥
7, 4% EFGH W4 FH wy, %4 EF L BC, C £%if GH, mA&2
EF, #BD £ %% FG, mA~2EH. = % ADGF %= % ACHG
tpEmARnF. 5 EFGH ¢ @A 2, A mAn R LFHERE. K
m—n 8944 .
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8. From an unlimited supply of 1-cent coins, 10-cent coins, and 25-cent

coins, Silas wants to find a collection of coins that has a total value of
N cents, where N is a positive integer. He uses the so-called greedy
algorithm, successively choosing the coin of greatest value that does
not cause the value of his collection to exceed N. For example, to get
42 cents, Silas will choose a 25-cent coin, then a 10-cent coin, then 7
1-cent coins. However, this collection of 9 coins uses more coins than
necessary to get a total of 42 cents; indeed, choosing 4 10-cent coins and
2 1-cent coins achieves the same total value with only 6 coins.

In general, the greedy algorithm succeeds for a given N if no other col-
lection of 1-cent, 10-cent, and 25 cent coins gives a total value of N cents
using strictly fewer coins than the collection given by the greedy algo-
rithm. Find the number of values of N between 25 and 1000 inclusive
for which the greedy algorithm succeeds.

MEBF AR E5pmT. 10 £58 T 425 £45 8T+, Silas 8K H
—E T, HESMEAN X4, FF N ZESEIL. AR AR FC
Fik, ERER G EMEARART N £50MR T, RARERKGMEY
B, flde, B35 42 £4, Silas 2k HFE-A2B E5BH, KB
— A0 E5HT, RERT AL E5m T, K, BAEAGENMEF
TEERIANRTMALS, wRAFAN0EZSF 21 £58T, X
B 6 482 T dufie ik 548 B 6 B AA.

— R, M THEN N, PPRACHEEARNG AN de LA Lk
BEMAANEL0 1 E4, 10 £4, 25 L4 0R TRSENZH# YT
U H R A AR T 2. 5 N A 25 3] 1000 (&35 25 F= 1000)
BALar, KA HEmhe 8 R
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9. Let S be the set of vertices of a regular 24-gon P. Find the number of

ways to draw 12 diagonals of P with equal lengths so that each vertex
in S is an endpoint of exactly one of the 12 diagonals.

HSAHE24IH P HREARGES. NAZSE 12 FAFRAY
Pyt &, 2455 PHEAT MBI AZ 12 &3 A& P E— 56—
gk Rk B B 40080k A0

10. There are n values of x in theinterval 0 < x < 27t where f(x) = sin(77-

11.

sin(5x)) = 0. For t of these n values of x, the graph of y = f(x) is
tangent to the x-axis. Find n 4+ ¢.

ARFO<x<2m P, HnAMLxEF f(x) =sin(77-sin(5x)) = 0.
BEn MEFAtAME, #Fy=f(x) WARS xsh4mdr. Ln+t 8
18.

Fourteen chairs are arranged in a row. Seven people each select a chair
in which to sit so that no person sits next to two other people. Let N be
the number of subsets of the 14 chairs that could be selected. Find the
remainder when N is divided by 1000 .

feet FHR—H. EAAZS AR TFLT, BRELAARN
LA AL ARA T L, AL FHR 4 RZETFH-—ATE. &
B XA 8T R 698 A N. K N skl 1000 69 44K,
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12. Let AjA2A3 ... Aj; bean 11-sided non-convex simple polygon with the

13.

following properties:
¢ For every integer 2 < i < 10, the area of AA;A1A; 1 isequalto 1.
e For every integer 2 < i < 10,cos (£A;A1Ai41) = %

e The perimeter of the 11-gon A1 Ay As ... A1 is equal to 20 .

Then A1 Ay + A1Ap = m\{jﬁz—p’ where m, n, and p are positive integers,
and 7 is not divisible by the square of any prime. Find m +n + p.
A ApAs . A A1 BH, BAURTRA:

o T AEAMEH2<I<10, ZAH AAAIAL HEBRFT L.

o 3 F A2 <i<10, cos(LAjA1Ai) = 15.

o 11 ih#H Ay AxAs... Ay ¥R K% F 20.

HETH AAr+ AjAn = 0L S m, n, p HERH, n RkAE
TR B8 FFHER. Km+n+p69h.

Let AABC be a right triangle with £ A = 90° and BC = 35. There exist
points K and L inside the triangle such that

AK=AL=BK=CL=KL=11.

The area of the quadrilateral BKLC can be expressed as 11+/3 for some

positive integer n. Find n.

HAABC R—AHAAZAK, LA=90° ABC=35. £=ZABAH{E
BEKF L, 447

AK=AL=BK=CL=KL=11.

Wi BKLC 8 @R TREAFA N3, kb n HEHH. Kn el
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14. There are exactly three positive real numbers k such that the function

15.

(x —27)(x — 48)(x — 108)(x — k)
%

flx) =

defined over the positive real numbers achieves its minimum value at
exactly two positive real numbers x. Find the sum of these three values
of k.

BT AE A LRk, HAFEAELHE LS RK

x —27)(x —48)(x — 108)(x — k)
%

fey=*

B MEE TR AN E TR x AIRE]. R =Nk i Ao,

Let x1,x2,x3, ... be a sequence of rational numbers defined by x; = %—?
and
1 4 1 1
X = — X _——
k+1 3 k Xk

for all k > 1. Then x5 can be expressed as %, where m and n are
relatively prime positive integers. Find the remainder when m + n is

divided by 1000 .

K x, X2, X3, ... AR TFHFXELGERRAI): =5, Fax
FETA k> 1 691F #3

1 1
x_[f+1=§ x_l(+£71 "

Rox05 TARTA T, B mAon REFHEREYE. Km+n B
1000 #9424 .



