
���� /## #/% ��$

�� 'HÀQH x ! y WR EH |x − y| IRU DOO UHDO QXPEHUV x DQG y� :KDW LV WKH YDOXH RI
(1 ! (2 ! 3))− ((1 ! 2) ! 3)?

ѐӮԆϮϢԓڮ x ю y冟x ! y Ԏ੓Г |x − y|冡֜ (1 ! (2 ! 3))− ((1 ! 2) ! 3)
ϢࡲϨЊׄ冲

�$� −2

�%� −1

�&� 0

�'� 1

�(� 2

�)� /HDYH DV EODQN 凯ϦӸઔ

�� ,Q UKRPEXV ABCD� SRLQW P OLHV RQ VHJPHQW AD VR WKDW BP ⊥ AD� AP = 3�
DQG PD = 2� :KDW LV WKH DUHD RI ABCD" �1RWH� 7KH ÀJXUH LV QRW GUDZQ WR
VFDOH��

Ϭ᳣঍ ABCD Ћ冟ѷ P ߮ݨӮ׵ AD ϾڪИ BP ⊥ AD冟AP = 3冟PD = 2冡
֜ ABCD ϢӱݟϨЊׄ冲军ۡ冭נ঍݂୞Օာᔿٻ冡农

�$� 3
√

5

�%� 10

�&� 6
√

5

�'� 20

�(� 25

�)� /HDYH DV EODQN 凯ϦӸઔ

�



���� /## #/% ��$

�� +RZPDQ\ WKUHH�GLJLW SRVLWLYH LQWHJHUV KDYH DQ RGG QXPEHU RI HYHQ GLJLWV"

ϮЊׄϲ冲ڮߴՓ׵ϢѼܣڮڮϲளڮअోڋ

�$� 150

�%� 250

�&� 350

�'� 450

�(� 550

�)� /HDYH DV EODQN 凯ϦӸઔ

�� $ GRQNH\ VXIIHUV DQ DWWDFN RI KLFFXSV DQG WKH ÀUVW KLFFXS KDSSHQV DW ����
RQH DIWHUQRRQ� 6XSSRVH WKDW WKH GRQNH\ KLFFXSV UHJXODUO\ HYHU\ � VHFRQGV�
$W ZKDW WLPH GRHV WKH GRQNH\僦V ���WK KLFFXS RFFXU"

Ϥԥឦԫࣘܰݏӯᷔ冟ӚϤҨӯᷔэЭϬЖݫ ����冡ࠤࡉឦҽດ � બӯᷔϤ

Ҩ冡єЙឦӚ ��� ҨӯᷔэЭϬ҄ЙСӢ冲

�$� 15 VHFRQGV DIWHU ���� 凯 ���� ҮѭϢ �� બ

�%� 20 VHFRQGV DIWHU ���� 凯 ���� ҮѭϢ �� બ

�&� 25 VHFRQGV DIWHU ���� 凯 ���� ҮѭϢ �� બ

�'� 30 VHFRQGV DIWHU ���� 凯 ���� ҮѭϢ �� બ

�(� 35 VHFRQGV DIWHU ���� 凯 ���� ҮѭϢ �� બ

�)� /HDYH DV EODQN 凯ϦӸઔ

�� :KDW LV WKH YDOXH RI WKH EHORZ H[SUHVVLRQ"

Жӱ՝ޮ޶ϢࡲϨЊׄ冲

(
1 + 1

3

) (
1 + 1

5

) (
1 + 1

7

)

√(
1 − 1

32

) (
1 − 1

52

) (
1 − 1

72

)

�$�
√

3

�%� 2

�&�
√

15

�'� 4

�(�
√

105

�)� /HDYH DV EODQN 凯ϦӸઔ

�



���� /## #/% ��$

�� +RZ PDQ\ RI WKH ÀUVW WHQ QXPEHUV RI WKH VHTXHQFH 121� 11211� 1112111� . . .
DUH SULPH QXPEHUV"

Ϭࣚڮ 121冟11211冟1112111冟. . . ϢӼיলЋϮЊׄϲڮϨ੧ڮ冲

�$� 0

�%� 1

�&� 2

�'� 3

�(� 4

�)� /HDYH DV EODQN 凯ϦӸઔ

�� )RU KRZPDQ\ YDOXHV RI WKH FRQVWDQW k ZLOO WKH SRO\QRPLDO x2 + kx+ 36 KDYH
WZR GLVWLQFW LQWHJHU URRWV"

ИЊলޮڪ x2 + kx + 36 ϮҴϲϦӳϢڮߴডϢًڮ k ϢչࡲϮЊׄң冲

�$� 6

�%� 8

�&� 9

�'� 14

�(� 16

�)� /HDYH DV EODQN 凯ϦӸઔ

�



���� /## #/% ��$

�� &RQVLGHU WKH IROORZLQJ 100 VHWV RI 10 HOHPHQWV HDFK�

{1, 2, 3, . . . , 10},

{11, 12, 13, . . . , 20},

{21, 22, 23, . . . , 30},
���

{991, 992, 993, . . . , 1000}.

+RZ PDQ\ RI WKHVH VHWV FRQWDLQ H[DFWO\ WZR PXOWLSOHV RI 7 "

๳уЖϢࡥ 100 ϲ৛؏冟ҽϲ৛؏ЋϮ 10 ϲؑ੧冭

{1, 2, 3, . . . , 10},

{11, 12, 13, . . . , 20},

{21, 22, 23, . . . , 30},
���

{991, 992, 993, . . . , 1000}

ϬϼԻ৛؏Ћ冟ᐝϴోڋҴϲ 7 Ϣ༿ڮϢ৛؏ϮЊׄϲ冲

�$� 40

�%� 42

�&� 43

�'� 49

�(� 50

�)� /HDYH DV EODQN 凯ϦӸઔ

�



���� /## #/% ��$

�� 7KH VXP
1
2!

+
2
3!

+
3
4!

+ · · ·+ 2021
2022!

FDQ EH H[SUHVVHG DV a − 1
b!
� ZKHUH a DQG b DUH SRVLWLYH LQWHJHUV� :KDW LV

a + b"

юޮ
1
2!

+
2
3!

+
3
4!

+ · · ·+ 2021
2022!

Щу՝޶ћ a − 1
b!

Ϣ঍ޮ冟ճЋ a ю b ϨՓڮߴ冡֜ a + b ϢࡲϨЊׄ冲

�$� 2020

�%� 2021

�&� 2022

�'� 2023

�(� 2024

�)� /HDYH DV EODQN 凯ϦӸઔ

��� &DPLOD ZULWHV GRZQ ÀYH SRVLWLYH LQWHJHUV� 7KH XQLTXH PRGH RI WKHVH LQWH�
JHUV LV 2 JUHDWHU WKDQ WKHLU PHGLDQ� DQG WKH PHGLDQ LV 2 JUHDWHU WKDQ WKHLU
DULWKPHWLF PHDQ� :KDW LV WKH OHDVW SRVVLEOH YDOXH IRU WKH PRGH"

&DPLOD Ͽڮ׵ФϢЋٵՕڮϢఘϤୀڮߴ冡ϼԻڮߴϲՓڹЖϩޅ 2冟үЋ

Ͽڮ౵حৼܜФϢٵՕڮ׵ 2冡֜ୀڮϢсвЩЕࡲϨЊׄ冲

�$� 5

�%� 7

�&� 9

�'� 11

�(� 13

�)� /HDYH DV EODQN 凯ϦӸઔ

�



���� /## #/% ��$

��� $OO WKH KLJK VFKRROV LQ D ODUJH VFKRRO GLVWULFW DUH LQYROYHG LQ D IXQGUDLVHU
VHOOLQJ 7�VKLUWV� :KLFK RI WKH FKRLFHV EHORZ LV ORJLFDOO\ HTXLYDOHQW WR WKH
VWDWHPHQW 僧1R VFKRRO ELJJHU WKDQ (XFOLG +6 VROG PRUH 7�VKLUWV WKDQ (XFOLG
+6僨"

�$� $OO VFKRROV VPDOOHU WKDQ (XFOLG +6 VROG IHZHU 7�VKLUWV WKDQ (XFOLG +6�

�%� 1R VFKRRO WKDW VROG PRUH 7�VKLUWV WKDQ (XFOLG +6 LV ELJJHU WKDQ (XFOLG
+6�

�&� $OO VFKRROV ELJJHU WKDQ (XFOLG +6 VROG IHZHU 7�VKLUWV WKDQ (XFOLG +6�

�'� $OO VFKRROV WKDW VROG IHZHU 7�VKLUWV WKDQ (XFOLG +6 DUH VPDOOHU WKDQ
(XFOLG +6�

�(� $OO VFKRROV VPDOOHU WKDQ (XFOLG +6 VROG PRUH 7�VKLUWV WKDQ (XFOLG +6�

ϤϲдϿϢҔ࡞ϢԆϮҶЋЅݳԲϩϤলчి 7 ≞ϢᒨޔҠҟ冡уЖۣϲؼ

লϬឝ઎ϾӓӳӮชଁ僧еϮՕ (XFOLG ҶЋґϿϢҔ࠶भчϩՕ (XFOLG ҶЋ

ґЊϢ 7 ≞僨冲

�$� ԆϮՕ (XFOLG ҶЋґвϢҔ࠶ЅभчՕ (XFOLG ҶЋґׄϢ 7 ≞冡

�%� еϮՕ (XFOLG ҶЋभчґЊϢ 7 ≞ϢҔ࠶Օ (XFOLG ҶЋґϿ冡

�&� ԆϮՕ (XFOLG ҶЋґϿϢҔ࠶ЅभчՕ (XFOLG ҶЋґׄϢ 7 ≞冡

�'� ԆϮभчՕ (XFOLG ҶЋґׄϢ 7 ≞ϢҔ࠶ЅՕ (XFOLG ҶЋґв冡

�(� ԆϮՕ (XFOLG ҶЋґвϢҔ࠶ЅभчՕ (XFOLG ҶЋґЊϢ 7 ≞冡

�$� $

�%� %

�&� &

�'� '

�(� (

�)� /HDYH DV EODQN 凯ϦӸઔ

�



���� /## #/% ��$

��� $ SDLU RI IDLU 6�VLGHG GLFH LV UROOHG n WLPHV� :KDW LV WKH OHDVW YDOXH RI n VXFK
WKDW WKH SUREDELOLW\ WKDW WKH VXP RI WKH QXPEHUV IDFH XS RQ D UROO HTXDOV 7 DW

OHDVW RQFH LV JUHDWHU WKDQ 1
2
"

ϤѐՂحϢ 6 ϲӱϢ⌀пӉႇᱤ n Ҩ冡ұһׄݐϮϤҨᱤчϢҴϲڮҮюӓ

Ӯ 7 ϢྩవϿӮ
1
2
冟єЙ n ϢсвࡲϨЊׄ冲

�$� 2

�%� 3

�&� 4

�'� 5

�(� 6

�)� /HDYH DV EODQN 凯ϦӸઔ

��� 7KH SRVLWLYH GLIIHUHQFH EHWZHHQ D SDLU RI SULPHV LV HTXDO WR 2� DQG WKH SRVL�
WLYH GLIIHUHQFH EHWZHHQ WKH FXEHV RI WKH WZR SULPHV LV HTXDO WR 31106� :KDW
LV WKH VXP RI WKH GLJLWV RI WKH OHDVW SULPH WKDW LV JUHDWHU WKDQ WKRVH WZR
SULPHV"

Ϥѐ੧ڮҮӢ঍ћϢϨՓڮϢ৐ӓӮ 2冟ϼҴϲ੧ڮϢ࢙ӃҮӢ঍ћϢϨՓ

Ϣ৐ӓӮڮ 31106冡֜ϿӮϼҴϲ੧ڮϢсв੧ڮϢ۠އڮ׵ҮюϨЊׄ冲

�$� 8

�%� 10

�&� 11

�'� 13

�(� 16

�)� /HDYH DV EODQN 凯ϦӸઔ

�



���� /## #/% ��$

��� 6XSSRVH WKDW S LV D VXEVHW RI {1, 2, 3, . . . , 25} VXFK WKDW WKH VXP RI DQ\ WZR
�QRW QHFHVVDULO\ GLVWLQFW� HOHPHQWV RI S LV QHYHU DQ HOHPHQW RI S� :KDW LV WKH
PD[LPXP QXPEHU RI HOHPHQWV S PD\ FRQWDLQ"

ࠤ S Ϩ {1, 2, 3, . . . , 25} Ϣп৛冟ڪИ S ЋϢڈۻҴϲ军ϦϤԎ௴ೠ农ؑ੧Ϣ

юϦϨ׈ S ЋϢؑ੧冡֜ S ЋсЊЩуోڋЊׄϲؑ੧冲

�$� 12

�%� 13

�&� 14

�'� 15

�(� 16

�)� /HDYH DV EODQN 凯ϦӸઔ

��� /HW Sn EH WKH VXP RI WKH ÀUVW n WHUPV RI DQ DULWKPHWLF VHTXHQFH WKDW KDV D

FRPPRQ GLIIHUHQFH RI 2� 7KH TXRWLHQW S3n
Sn

GRHV QRW GHSHQG RQ n� :KDW LV
S20"

ࠤ Sn ϨϤϲՂ৐Г 2 Ϣӓ৐ࣚڮϢӼ n লҮю冡ࣔ
S3n
Sn

ϢࡲϦঊႲӮ n冡֜

S20 ϨЊׄ冲

�$� 340

�%� 360

�&� 380

�'� 400

�(� 420

�)� /HDYH DV EODQN 凯ϦӸઔ

�



���� /## #/% ��$

��� 7KH GLDJUDP EHORZ VKRZV D UHFWDQJOH ZLWK VLGH OHQJWKV � DQG � DQG D VTXDUH
ZLWK VLGH OHQJWK �� 7KUHH YHUWLFHV RI WKH VTXDUH OLH RQ WKUHH GLIIHUHQW VLGHV
RI WKH UHFWDQJOH� DV VKRZQ� :KDW LV WKH DUHD RI WKH UHJLRQ LQVLGH ERWK WKH
VTXDUH DQG WKH UHFWDQJOH"

Жנি޸ϩϤϲԁГ �冟೏Г � Ϣᡡ঍у࢕ϤϲٍԁГ � ϢՓӃ঍冡ұנԆ

تӮᡡ঍ϢѼ؉ϦӳϢٍϾ冡֜ՓӃ঍юᡡ঍Ղॄ׵冟ՓӃ঍ϢѼϲશѷ޸

оϢӱݟϨЊׄ冲

�$� 15
1
8

�%� 15
3
8

�&� 15
1
2

�'� 15
5
8

�(� 15
7
8

�)� /HDYH DV EODQN 凯ϦӸઔ

��� 2QH RI WKH IROORZLQJ QXPEHUV LV QRW GLYLVLEOH E\ DQ\ SULPH QXPEHU OHVV
WKDQ 10� :KLFK LV LW"

Жࣚ۠ڮЋϮϤϲڮϦЕӉڈۻвӮ 10 Ϣ੧ৣߴڮ冡֜ϼϨۣϲڮ冲

�$� 2606 − 1

�%� 2606 + 1

�&� 2607 − 1

�'� 2607 + 1

�(� 2607 + 3607

�)� /HDYH DV EODQN 凯ϦӸઔ

�



���� /## #/% ��$

��� &RQVLGHU V\VWHPV RI WKUHH OLQHDU HTXDWLRQV ZLWK XQNQRZQV x� y� DQG z�

a1x + b1y + c1z = 0

a2x + b2y + c2z = 0

a3x + b3y + c3z = 0

ZKHUH HDFK RI WKH FRHIÀFLHQWV LV HLWKHU � RU � DQG WKH V\VWHP KDV D VROXWLRQ
RWKHU WKDQ x = y = z = 0� )RU H[DPSOH� RQH VXFK V\VWHP LV 〈1x + 1y +

0z = 0, 0x + 1y + 1z = 0, 0x + 0y + 0z = 0〉 ZLWK D QRQ]HUR VROXWLRQ RI
(x, y, z) = (1,−1, 1)� +RZ PDQ\ VXFK V\VWHPV RI HTXDWLRQV DUH WKHUH" �7KH
HTXDWLRQV LQ D V\VWHP QHHG QRW EH GLVWLQFW� DQG WZR V\VWHPV FRQWDLQLQJ WKH
VDPH HTXDWLRQV LQ D GLIIHUHQW RUGHU DUH FRQVLGHUHG GLIIHUHQW��

ГڮՒӃࣩੑћϢ冟݂ҩݨѼϲݕ๳ࡥ x冟y ю z ϢӃࣩੑ冭

a1x + b1y + c1z = 0

a2x + b2y + c2z = 0

a3x + b3y + c3z = 0

ճЋϢҽϲڮۯГ 0 ۧ 1冟؜੕ӃࣩੑϮৣа x = y = z = 0 ҮםϢڇ冡ာұ冟

ϤϲϼҥϢӃࣩੑϨ 〈1x+ 1y+ 0z = 0冟0x+ 1y+ 1z = 0冟0x+ 0y+ 0z = 0〉冟
ڇϮ݉๿ٵ (x, y, z) = (1,−1, 1)冡֜ॄϮЊׄϲϼҥϢӃࣩੑ冲军ϤϲӃࣩੑ

ЋϢӃࣩᓘގϨՑӳϢ冟؜੕ҴϲోڋӳҥϢӃࣩ冟ՊࣚڴਛକϦӳϢӃࣩ

ੑӉܢГϨϦӳϢ冡农

�$� 302

�%� 338

�&� 340

�'� 343

�(� 344

�)� /HDYH DV EODQN 凯ϦӸઔ

��



���� /## #/% ��$

��� (DFK VTXDUH LQ D 5 × 5 JULG LV HLWKHU ÀOOHG RU HPSW\� DQG KDV XS WR HLJKW
DGMDFHQW QHLJKERULQJ VTXDUHV� ZKHUH QHLJKERULQJ VTXDUHV VKDUH HLWKHU D VLGH
RU D FRUQHU� 7KH JULG LV WUDQVIRUPHG E\ WKH IROORZLQJ UXOHV�

• $Q\ ÀOOHG VTXDUH ZLWK WZR RU WKUHH ÀOOHG QHLJKERUV UHPDLQV ÀOOHG�

• $Q\ HPSW\ VTXDUH ZLWK H[DFWO\ WKUHH ÀOOHG QHLJKERUV EHFRPHV D ÀOOHG
VTXDUH�

• $OO RWKHU VTXDUHV UHPDLQ HPSW\ RU EHFRPH HPSW\�

$ VDPSOH WUDQVIRUPDWLRQ LV VKRZQ LQ WKH ÀJXUH EHORZ�

,QLWLDO 7UDQVIRUPHG

6XSSRVH WKH 5 × 5 JULG KDV D ERUGHU RI HPSW\ VTXDUHV VXUURXQGLQJ D 3 × 3
VXEJULG� +RZ PDQ\ LQLWLDO FRQÀJXUDWLRQV ZLOO OHDG WR D WUDQVIRUPHG JULG
FRQVLVWLQJ RI D VLQJOH ÀOOHG VTXDUH LQ WKH FHQWHU DIWHU D VLQJOH WUDQVIRUPD�
WLRQ" �5RWDWLRQV DQG UHÁHFWLRQV RI WKH VDPH FRQÀJXUDWLRQ DUH FRQVLGHUHG
GLIIHUHQW��

,QLWLDO 7UDQVIRUPHG

��



���� /## #/% ��$

5× 5 Ӄݥ՝ЋϢҽϲӃݥϺЙϨདྷ֢Ϣ冟ϺЙϨِտϢ冟؜੕сЊϮࣧϲՑ

ᑋϢӃݥ冟ϼѻϮՂॄٍۧۘՂॄશѷϢӃܢݥГϨՑᑋϢ冡Ӄݥ՝୞уЖ

஄১֖ӑؔࡓ冭

• Ϩདྷ֢Ϣ冡ڞڊݏࡪݥϨདྷ֢Ϣདྷ֢ӃݥϮҴϲۧѼϲՑᑋϢӃڈۻ

• 冡ݥՍћГདྷ֢ӃݥϨདྷ֢ϢِտӃݥᐝϴϮѼϲՑᑋϢӃڈۻ

• ԆϮճѫϢӃݥϺЙڞڊݏࡪϨِտϢ冟ϺЙյћِտӃݥ冡

Жנি޸ϩϤϲؔࡓϢ޸ာ冡

੃يం߰ յࡓѭ؁һ

ࠤࡉ 5 × 5 Ӄݥ՝זڎϾϢӃݥЅϨِտϢ冟ٵФূጪлЋӢϢ 3 × 3 пӃ

पϮྥيϨདྷ֢Ϣ੃ݥ՝յГѡϮЋХӃݥѭ冟Ӄࡓ՝冡єЙӎЬϤҨؔݥ

Њׄϲ冲军ϤϲྥपӎЬ፲ؔюࠍ৲ѭү঍ћϢྥपӉܢГϨϦӳϢ冡农

੃يం߰ յࡓѭ؁һ

�$� 14

�%� 18

�&� 22

�'� 26

�(� 30

�)� /HDYH DV EODQN 凯ϦӸઔ

��



���� /## #/% ��$

��� /HW ABCD EH D UKRPEXV ZLWK ∠ADC = 46◦� /HW E EH WKH PLGSRLQW RI CD�
DQG OHW F EH WKH SRLQW RQ BE VXFK WKDW AF LV SHUSHQGLFXODU WR BE� :KDW LV
WKH GHJUHH PHDVXUH RI ∠BFC "

Ϭ᳣঍ ABCD Ћ冟∠ADC = 46◦冡ࠤ E Г CD ϢЋѷ冟ү F Г BE ϾϢѷ冟

Иڪ AF ᘛلӮ BE冡֜ ∠BFC ϢڮטϨЊׄ冲

�$� 110

�%� 111

�&� 112

�'� 113

�(� 114

�)� /HDYH DV EODQN 凯ϦӸઔ

��� /HW P(x) EH D SRO\QRPLDO ZLWK UDWLRQDO FRHIÀFLHQWV VXFK WKDW ZKHQ P(x) LV
GLYLGHG E\ WKH SRO\QRPLDO x2 + x + 1� WKH UHPDLQGHU LV x + 2� DQG ZKHQ
P(x) LV GLYLGHG E\ WKH SRO\QRPLDO x2 + 1� WKH UHPDLQGHU LV 2x + 1� 7KHUH LV
D XQLTXH SRO\QRPLDO RI OHDVW GHJUHH ZLWK WKHVH WZR SURSHUWLHV� :KDW LV WKH
VXP RI WKH VTXDUHV RI WKH FRHIÀFLHQWV RI WKDW SRO\QRPLDO"

ࠤ P(x) ϨϤϲϮՇڮۯϢЊলޮ冟ڪИԯ P(x) ৣуЊলޮ x2 + x + 1 С冟

ົޮГ x + 2冟үԯ P(x) ৣуЊলޮ x2 + 1 С冟ົޮГ 2x + 1冡ۖ࢞ϾଁҴ

ϲ؉ֱϢҨڮсࢬϢЊলޮϨఘϤϢ冡֜٥ЊলޮϢ۠লڮۯϢحӃюϨЊ

ׄ冲

�$� 10

�%� 13

�&� 19

�'� 20

�(� 23

�)� /HDYH DV EODQN 凯ϦӸઔ

��



���� /## #/% ��$

��� /HW S EH WKH VHW RI FLUFOHV WKDW DUH WDQJHQW WR HDFK RI WKH WKUHH FLUFOHV LQ WKH
FRRUGLQDWH SODQH ZKRVH HTXDWLRQV DUH x2 + y2 = 4, x2 + y2 = 64� DQG (x −
5)2 + y2 = 3� :KDW LV WKH VXP RI WKH DUHDV RI DOO WKH FLUFOHV LQ S?

ࠤ S ϨޡऌحӱЋ冟ԲӃࣩГ x2 + y2 = 4冟x2 + y2 = 64冟(x − 5)2 + y2 = 3
ϢѼϲವЋϢҽϤϲЅՑ޲ϢವੑћϢ৛؏冡֜ S ЋԆϮವϢӱݟҮюϨЊ

ׄ冲

�$� 48π

�%� 68π

�&� 96π

�'� 102π

�(� 136π

�)� /HDYH DV EODQN 凯ϦӸઔ

��� $QW $PHOLD VWDUWV RQ WKH QXPEHU OLQH DW 0 DQG FUDZOV LQ WKH IROORZLQJ PDQ�
QHU� )RU n = 1, 2, 3, $PHOLD FKRRVHV D WLPH GXUDWLRQ tn DQG DQ LQFUHPHQW
xn LQGHSHQGHQWO\ DQG XQLIRUPO\ DW UDQGRP IURP WKH LQWHUYDO (0, 1)� 'XULQJ
WKH nWK VWHS RI WKH SURFHVV� $PHOLD PRYHV xn XQLWV LQ WKH SRVLWLYH GLUHFWLRQ�
XVLQJ XS tn PLQXWHV� ,I WKH WRWDO HODSVHG WLPH KDV H[FHHGHG 1 PLQXWH GXU�
LQJ WKH nWK VWHS� VKH VWRSV DW WKH HQG RI WKDW VWHS� RWKHUZLVH� VKH FRQWLQXHV
ZLWK WKH QH[W VWHS� WDNLQJ DW PRVW 3 VWHSV LQ DOO� :KDW LV WKH SUREDELOLW\ WKDW
$PHOLD僦V SRVLWLRQ ZKHQ VKH VWRSV ZLOO EH JUHDWHU WKDQ 1"

ᦓ᥿$PHOLDϬڮ᪮Ͼգ 0 љي冟୞уЖӃޮฏӑ冡ѐӮ n = 1冟2冟3冟$PHOLD
գ࡞Ӣ (0, 1) Ћ܍ҹ࢙ࠃ੕౵ᄫыؼथݏڞСӢ tn юނԁ xn冡ϬฏӑЬࣩϢ

Ӛ n 冟$PHOLDނ ᑯՓب೸ҟ xn ϲٔ׵冟ѣС tn оࠔ冡ұһϬӚ n ೸ҟؗނ

Ӣ冟ԆӎЬϢ׈СӢׂЬ 1 оࠔ冟১ՠϬ؁ނ٥ఴС࢝੼冮ଜ১冟ՠЃݏࡪ

ЖϤނ冟сЊϤॄӖ 3 冡֜ނ $PHOLD ࢝੼ϬϿӮ 1 ϢڮԆѐ؟Ϣ׵੾ٹϢ

ྩవϨЊׄ冲

�$� 1
3

�%� 1
2

�&� 2
3

�'� 3
4

�(� 5
6

�)� /HDYH DV EODQN 凯ϦӸઔ
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��� &RQVLGHU IXQFWLRQV f WKDW VDWLVI\

| f (x)− f (y)| ≤ 1
2
|x − y|

IRU DOO UHDO QXPEHUV x DQG y� 2I DOO VXFK IXQFWLRQV WKDW DOVR VDWLVI\ WKH HTXD�
WLRQ f (300) = f (900)� ZKDW LV WKH JUHDWHVW SRVVLEOH YDOXH RI

f ( f (800))− f ( f (400))?

ڮϢ᫸ܚ๳ऋϮуЖՒࡥ f冭ѐӮԆϮϢԓڮ x ю y冟

| f (x)− f (y)| ≤ 1
2
|x − y|冡

ϬԆϮϼҥϢ᫸ڮЋ冟ұһЯϺ٩ۖ࢞ӓޮ f (300) = f (900)冟єЙ

f ( f (800))− f ( f (400))

ϢсϿЩЕࡲϨЊׄ冲

�$� 25

�%� 50

�&� 100

�'� 150

�(� 200

�)� /HDYH DV EODQN 凯ϦӸઔ
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��� /HW x0, x1, x2, . . . EH D VHTXHQFH RI QXPEHUV� ZKHUH HDFK xk LV HLWKHU 0 RU 1�
)RU HDFK SRVLWLYH LQWHJHU n� GHÀQH

Sn =
n−1

∑
k=0

xk2k.

6XSSRVH 7Sn ≡ 1 (mod 2n) IRU DOO n ≥ 1� :KDW LV WKH YDOXH RI WKH VXP

x2019 + 2x2020 + 4x2021 + 8x2022?

Ϭࣚڮ x0冟x1冟x2冟. . . Ћ冟ҽϲ xk ౵Г 0 ۧ 1冡ѐӮҽϲՓڮߴ n冟Ԏ੓

Sn =
n−1

∑
k=0

xk2k冡

ѐԆϮࠤࡉ n ≥ 1冟Ϯ 7Sn ≡ 1 (mod 2n)冡֜юޮ

x2019 + 2x2020 + 4x2021 + 8x2022

ϢࡲϨЊׄ冲

�$� 6

�%� 7

�&� 12

�'� 14

�(� 15

�)� /HDYH DV EODQN 凯ϦӸઔ
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