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Problem 1

How many integer values of x satisfy |z < 3m?

2 AR L || < 377

(A)9 (B)10 (C)18 (D)19 (E) 20

Problem 2

At a math contest, 57 students are wearing blue shirts, and another 75 students are wearing yellow
shirts. The 132 students are assigned into 66 pairs. In exactly 23 of these pairs, both students are
wearing blue shirts. In how many pairs are both students wearing yellow shirts?

TE—IREETE 38, 57T LA FHEEONE, 775 B g E R, 132 2740
BT 66 %o IXHHMREFA 23 X, BRI AR E WA . [nl 44 S AR o e T A
KR 2042

(A)23 (B)32 (C)37 (D)4l (E) 64

Problem 3
24 1 1 _ 144
Suppose Tk % What is the value of -7
- L 15434‘
ety R x HIE
@: ®L ©n oL ®2
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Problem 4

Ms. Blackwell gives an exam to two classes. The mean of the scores of the students in the morning
class is 84, and the afternoon class's mean score is 70. The ratio of the number of students in the

3

morning class to the number of students in the afternoon class is 4. What is the mean of the score of
all the students?

Blackwell & -7E NPT %R, FAFHERLE P40 /& 84, T R2FHEMIF-HI40 2 70, -2
3
HES A NKCS FAFMESEE AN HR 4. WA 2R B 4 e /0 2

(A)74 (B)75 (C)76 (D)77 (E) 78

/

Problem 5
The point P(a,b) in the = Y-plane is first rotated counterclockwise by 90° around the
point (1,5) and then reflected about the line ¥ = —. The image of I’ after these two

transformations is at (_67 3). What is b — a?
xy AR R i P (e D) s e i (1, 5) WIRFENIER: 90° , SRJFINELRY = —T R,

XA G P ISR (=6, 3) o b —afZ/b?

Aayr ®3 ©s5 M7 (E)FI

Problem 6

An inverted cone with base radius 12cm and height 18cm is full of water. The water is poured into a
tall cylinder whose horizontal base has a radius of 24cm. What is the height in centimeters of the
water in the cylinder?

— AR 12 K, SR 18 JE K B B R HEAR 783 17K KB — 7K S
12N 24 EOKRPY R AR AR A . I [ A A oK ) = B 2/ JBOK 2
(A)15 (B)3 (C)4 (D)45 (E)6
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Problem 7

Let N = 34 - 34 - 63 - 270. What is the ratio of the sum of the odd divisors of IV to the sum of the
even divisors of N7

4 N=34 34+ 63 270, NINEFLH MG NFELE 2 Mt £% /0?2
(A)1:16 (B) 1:15 (C)1:14 (D)1:8 (E)1:3

Problem 8

Three equally spaced parallel lines intersect a circle, creating three chords of lengths 38, 38, and 34.
What is the distance between two adjacent parallel lines?

ZORERIEE AT E S —ANMEAAS, TR 20K 700 38, 38 1 34 [115% . [n) AHAR ) P 2%
ITERZ R IR B 2 2 /b2

1 1 1
A)5; (B6 (©)6; (DT (B)7;

Problem 9

log, 80  log, 160 0
What is the value of10840 2 logy, 2 .

AT RERE 2 D

log, 80  log, 160 0
log,g 2 logyy 2

@0 ®1 (©°2 D2 (B logs

Problem 10

Two distinct numbers are selected from the set {1 ,2,3,4,...,36, 37} so that the sum of the

remaining 35 numbers is the product of these two numbers. What is the difference of these two
numbers?

MES {1, 2, 3, 4, -+, 36, 37} FEREHDAFEME, H5ET 35 NIk H W
ANEIRAR . XN ZE R Z D2
(A)5 (B)7 ()8 (D)9 (E)10
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Problem 11

Triangle ABC has AB = 13, BC' = 14 and AC = 15. Let P be the point on AC such
that PC' = 10. There are exactly two points D and E on line B P such that
quadrilaterals ABCD and ABC'E are trapezoids. What is the distance DE'?

=4 ABC h, AB=13, BC=14, AC=15. &% P Z2AC I—/i, /2 PC=10, fFH%: BP
IS ER S D R E, (#1504 ABCD 1 ABCE 26T . il DE K ERZ /b2

(A) % (B) 6vV2  (C) %4 (D) 12v2  (E) 18

Problem 12

Suppose that .S is a finite set of positive integers. If the greatest integer in S is removed from S, then
the average value (arithmetic mean) of the integers remaining is 32. If the least integer in S is also
removed, then the average value of the integers remaining is 35. If the greatest integer is then
returned to the set, the average value of the integers rises to 40. The greatest integer in the original
set S is 72 greater than the least integer in S. What is the average value of all the integers in the

set S?

ik S & IERMPARES . WR S PRI EHN S h#r, WIHRMELR (FAD F
PMER 320 WA S R /N AR RR, AR RT3 35, IR AR I
FomE R4 AT, WPEEE 9 TR 40, JFRRES S RHRIEELL S Hh i MOEECR
720 R4S S HTE A 2 D

(A) 362 (B)364 (C)366 (D)368 (E)37

Problem 13

How many values of § in the interval 0 < ¢ < 27 satisfyl — 3sin 6 + 5 cos 3¢ = 07
EX A0 < 0 < 2mepfg /040, el — 3sinf + 5cos 30 = 07

Az B4 ()5 (D)6 (E)S8
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Problem 14
Let ABC'D be arectangle and let DM be a segment perpendicular to the plane of ABC'D.

Suppose that D M has integer length, and the lengths of MA, MC'\ and M B are consecutive odd
positive integers (in this order). What is the volume of pyramid M ABC D?

ABCD —ANil%, DM 2% M P ABCD 2B, DM K A%s, 3H
MA, MC g0 Bk i s 0 E 250 CRIEIBUF) . [ MABCD HMAR 2 2 A2

(A) 245 (B)60 (C)28vV5 (D) 66 (E)8/70

Problem 15

The figure is constructed from 11 line segments, each of which has length 2. The area of

pentagon ABCDE can be written as V17 + \/ﬁ, where m and n are positive integers. What
ism +n?

R 11 AR BHR, AR BI KB 2. Tl ABCDE AT LS e vVim + v,
Hrbm M on . W omtnz/b?

C D
(A)20 (B)21 (C)22 (D)23 (E)24
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Problem 16
Let 9(%) be a polynomial with leading coefficient 1, whose three roots are the reciprocals of the

3 2
three roots off(m) =" +ax” +bT + ¢, where 1 < @ < b < c. What is 9(1) in terms

Ofa'&baand c?
wo(T) R — A B AR | 2R, Ti=MEaf (@) =2 +ar® +br + ey =i

E%, 1ol < a <b <9 WM a, bR c RER?

l1+a+4+b+e l1+a+b+c at+b+tc l1+a4+b+c
a) —— B)l4+a+b+c (C) —_— (D) 5 (E) ——
c c c atbtc
Problem 17

Let ABC'D be an isosceles trapezoid having parallel bases AB and C'D with AB > C'D. Line
segments from a point inside ABC'D to the vertices divide the trapezoid into four triangles whose
areas are 2,3, 4, and 5 starting with the triangle with base C' D and moving clockwise as shown in

_
the diagram below. What is the ratio C' DD

£ ABCD Z5JERE T, ABS5CDRFATHIE, £ H AB>CD. M ABCD P — s 31| H & T

(P2 B RETE A0 1R T DU =T, WKL NC DRI = AIETRLS, WRIREER A, RS 5N 2,
AB,

3, 4815, W FEFR. RCD’

A »B

(A)3  (B)24+V2 (©)1+v6 (D)2V3 (E)3V2
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Problem 18

2 2 2 2
Let z be a complex number satisfying 12|2|° = 2[z + 2| 4+ |2° + 17 + 31. what is the value

6
z 4+ =7
of z

6
_7?
s w1202 = 20z + 27 + 22+ 12 4+ 3L 547 T D pr g

@) -2 B -1 (©5; M1 (B4

Problem 19

Two fair dice, each with at least 6 faces are rolled. On each face of each dice is printed a distinct

integer from 1 to the number of faces on that die, inclusive. The probability of rolling a sum
1

if 7is 4 of the probability of rolling a sum of 10, and the probability of rolling a sum of 12 is 12,
What is the least possible number of faces on the two dice combined?

YT SIS THELE 6 AW . EARTHS, S EH0nE A RH

BB, HUE 2 S A 1 08 B T TS [ TR e, AN 000 L O S g 7 BT
3 1

A RE RN 10 RER 4, FE B SR AT 12 IR 2 12, A TS

A /N REE R 2 /D ?
(A)16  (B)17 (C)18 (D)19 (E)20

Problem 20
Let @(2) and B(2) be the unique polynomials such

‘[ha‘[z2021 +1=(2"+2+1)Q(z) + R(Z)and the degree of R is less than 2. What is R(z)?
BREMRGE) =" +1= (" + 2+ 1)Q(2) + R(=2)u g R UM T 2 ine——

Wik, WR(E)REL

(A) -z (B)—-1 (C)2021 (D)z+1 (E)2z+1
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Problem 21

.. . 2v2 AN :
Let S be the sum of all positive real numbers x for which®”™ = V2 -Which of the following

statements is true?
V2 27
VS RFTAEET = V2 IESSE x (R, 1 DL RN IE # 2

(A)S<v2 @B)S=v2 (©C)vV2<S<2 D)2<S5<6 (E)S>6

Problem 22

Arjun and Beth play a game in which they take turns removing one brick or two adjacent bricks from
one "wall" among a set of several walls of bricks, with gaps possibly creating new walls. The walls
are one brick tall. For example, a set of walls of sizes 4 and 2 can be changed into any of the

following by one move: (3,2),(2,1,2),(4), (4,1),(2,2), r (1,1, 2).

Arjun Al Beth Bt— Mgk, AT — AN drs 4 ik, mTREaFE BN “85” FBR—Hus
YR EAH AR P A% o IX e 1 5 B AR ARG 1) & B — . i, — AN 4 BRag AN 2 Burk 2 Rl e s ml
DL — R EREA LR — R 8. (3, 2, (2, 1, 2), 4, 4, 1D, 2,2

mBE (1, 1, 2) .
[‘
; , yon

Arjun plays first, and the player who removes the last brick wins. For which starting configuration is
there a strategy that guarantees a win for Beth?

Arjun BTG, WEBGE R G — RS YRR SR IE . ST IRR R IG MRS, Beth 7] DLAT 6 SR NK 2
(A) (6,1,1) (B) (6,2,1) (C)(6,22) (D) (6,31 (E)(6,32)

Problem 23
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Three balls are randomly and independently tossed into bins numbered with the positive integers so
that for each ball, the probability that it is tossed into bin i is 2% for ¢ = 1, 2,3, .... More than one

ball is allowed in each bin. The probability that the balls end up evenly spaced in distinct bins
p

is ¢ where P and ¢ are relatively prime positive integers. (For example, the balls are evenly spaced
if they are tossed into bins 35 175 and 10.) What is P + 47

B = A EREEHLIF HAR AN 550 IR BB 5 (A L, X TR BRI =, Eudidt s 5oy i

R Z27Y, =1, 2, 3, ... BRI UAEZT A8k WEABREARF I A
P

HRE S = S AT Sy @ Horpp Fl g REJRMIEREE . (B, WRekdtams 3,
17 AU 10 (A, AR SER R D Fp+q 207

(A)55 (B)56 (C)57 (D)58  (E)59

Problem 24
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Let ABCD be a parallelogram with area 15. Points P and & are the projections
of A and C, respectively, onto the line BD; and points 12 and .S' are the projections
of B and D, respectively, onto the line AC'. See the figure, which also shows the relative locations

of these points.Suppose PQ =6 and RS = 8, and let d denote the length of BD, the longer

diagonal of ABCD. Then d? can be written in the form " + /P, where ™, 7, and P are

positive integers and P is not divisible by the square of any prime. What is 772 + 712 + p?

ABCD FETHR N 15 BFATIUILIE . s P A Q 735172 A 1 CAEE 2 BD BRI : R S )
allfe B M DAEELZ AC LR B pR, B RoR 1 X f AR A B R &R R PO=6,
JH RS=8, Fl d % ABCD (08Kt ek BD k. MAd 5™ T VP o,
A m, n M p RIEBE, p AATATTEA TR W m+n+p KIERT A2

Q

o

¢l
O

Sy

(A)81 (B)&9 (C)97 (D) 105 (E) 113

Problem 25

Let S be the set of lattice points in the coordinate plane, both of whose coordinates are integers

between 1 and 3U; inclusive. Exactly 300 points in S lie on or below a line with
a

equation ¥ = . The possible values of m lie in an interval of length b "where a and b are
relatively prime positive integers. What is @ + b7

B S AR T BN AR HAGE AN 1 2 30 22 8] CEFE 1 A1 30) HIRERIRS R R & . 12
S G IA 300 D RAEMTIGRY = MT P EL FEE N TIZELR N7 m A REEA K

a
FEky b yxia, Hrba M p REFRIESE. W at+b /A2
(A)31 (B)47 (C)62 (D)72 (E) 85

10
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2021Spring AMC12B Answer Key

1 2 3 4 5 6 7 8 9 10 11 12 13

D B A C D A C B D E D D D
14 15 16 17 18 19 20 21 22 23 24 25

A D A B A B A D B A A E

11
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