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Problem 1

14243 1 2 3
Whatisthevalueof2++ _(2 +2° 4 2 )?

TRAERAZ D
21—|—2—|—3 _ (21 + 22 + 23)?
(A)0 (B)50 (C)52 (D)54 (E)57

Problem 2

Under what conditions does Va? + b? = a + b hold, where a and b are real numbers?

C a M b RH, REMMEN T, va? + b =a+ bpfar?

(A) It is never true. | 7KIZEA AL

(B) It is true if and only if ab=0. | 24 HAY Y4 ab=0 K} 7 KL

(C) It is true if and a+b=0. | 24 HANY a+b=0 B A BT o

(D) It is true if and only if ab=0 and a+b=0. | % HAN 2 ab=0 H. a+b=0 B A 7.

(E) It is always true. | S3J& 07

Problem 3

The sum of two natural numbers is 17,402, One of the two numbers is divisible by 10. If the units
digit of that number is erased, the other number is obtained. What is the difference of these two
numbers?

P BRI A2 17,4020 XD — AT DABE 10 2R . R Enz B0 AN e 45
B HH N XN ERZD?
(A) 10,272  (B) 11,700  (C) 13,362 (D) 14,238  (E) 15,426


https://artofproblemsolving.com/wiki/index.php/2021_AMC_12A_Problems/Problem_1
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Problem 4

Tom has a collection of 13 snakes, 4 of which are purple and 5 of which are happy. He observes that
all of his happy snakes can add,

none of his purple snakes can subtract, and

all of his snakes that can't subtract also can't add.

Which of these conclusions can be drawn about Tom's snakes?
A 13 Sk, b 4 ZHR AN, 5 FRTRRI . Mg R I
o fiL 1) BT PR B de T R AR
o fl R ER i AN R, T EL
o Al I AN 2SR R e AN SO
KT R, 7T LAS DL IS8 2
(A) Purple snakes can add. | &6 1he a] DA o
(B) Purple snakes are happy. | KR & PR
(C) Snakes that can add are purple. | BEMHUINTE R IE & K AR .
(D) Happy snakes are not purple. | BIRFIIEA K AT,
(E) Happy snakes can’ tsubtract. | R FIEAS 2 5 .

Problem 5

When a student multiplied the number 66 by the repeating

multiplied 66 times 1.a b. Later he found that his answer is 0.5 less than the correct answer. What
is the 2-digit number & b?

—HAETE 66 Ll FIOMEER Mg, Labab... = 1ab o i b BMY, s
VR SRR NS, TR T 66 FEIL b sk B 2 % b E A% 0.5, 1

2 e @ O g o
(A)15 (B)30 (C)45 (D)60 (E)75
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Problem 6

A deck of cards has only red cards and black cards. The probability of a randomly chosen card being
1 1

red is 3. When 4 black cards are added to the deck, the probability of choosing red becomes 4. How
many cards were in the deck originally?

1
R LR R BNk R IR A3, SRR 4

1
IR SR, IR A A, AR R R 2 AR 2

(A)6 (B)9 (C)12 (D)15 (E) 18

Problem 7

2 2

What is the least possible value of (zy —1)" + (2 + Y)” for all real numbers  and ¥?
9o (@y = 1) + (@ + 9) i Taefi 224

XS x fy, \TY Y) W TRt 2 /b0

W0 B ©5; M1 (®)?

Problem 8

A sequence of numbers is defined
by Dy =0,D1 =0,D2 =1and Dy, = Dn1 + Dyn_sfor > 3. What are the parities

(evenness or oddness) of the triple of numbers (D2021, D202z, D2023), where E' denotes even

and O denotes odd?

— I T REX: Do=0,D1=0,D, = A3t Fn 2 3, Dy = D1 + Dns,
sk =78 (Deo21s Doozas Dooos) iy (B4, X E R ME%, M 0 #REH.

(A) (O,E,0) (B)(E,E,0) (©)(E,O,FE) (D)(0,0,E) (E)(0,0,0)

Problem 9
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Which of the following is equivalent to
(2+3)(22+32)(24+34)(28+38)(216+316)(232_|_332)(264 _|_364)?

Y SN]SO uaw EE
(2+3)(22+32)(24+34)(28+38)(216+316)(232_|_332)(264 _|_364)?

(A) 3127 + 2127 (B) 3127 + 2127 + 2 . 363 + 3 . 263 (C) 3128 o 2128 (D) 3128 + 2128 (E) 5127

Problem 10

Two right circular cones with vertices facing down as shown in the figure below contains the same
amount of liquid. The radii of the tops of the liquid surfaces are 3 cm and 6 cm. Into each cone is
dropped a spherical marble of radius 1 cm, which sinks to the bottom and is completely submerged
without spilling any liquid. What is the ratio of the rise of the liquid level in the narrow cone to the
rise of the liquid level in the wide cone?

Nl Rz, PN T s R AR S AR R R A A . WU TR T (X A2 7090 0% 3 JEOK AT 6
K AERR BHEAR TN — 1208 1 BRI, BUINRH, BB, BeA R
VR Y o I 7 (R PRI 09 v R O R N YT BT e LR 2

(=

(A)1:1 (B)47:43 (C)2:1 (D)40:13 (E)4:1

Problem 11
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A laser is placed at the point (3,5). The laser beam travels in a straight line. Larry wants the beam to

hit and bounce off the ¥-axis, then hit and bounce off the x-axis, then hit the point (7,5) . What is the

total distance the beam will travel along this path?

£ (3, 5) MEAR - NROCK . BOCHITEL AR . Larry BIEEHRITLE y-4ill EIF &
U, SRJEHTTE x-3l LIRSS, 2RI (7, 5) o MERITHE X KB ITA N AR 2

2

(A)2V10 (B)5vV2 (C)10v2 (D) 15V2 (E) 10v/5

Problem 12

All the roots of the polynomial 2° — 102° + Az* + Bz’ + Cz* 4+ Dz + 16 are positive
integers, possibly repeated. What is the value of B?

21iR2° — 102° + Az* + B2® + C2® + Dz + 16 ¥ F%5, HrlfeEE. B 1
HUE % /b2
(A) —88 (B) =80 (C) —64 (D) —41  (E) —40

Problem 13

Of the following complex numbers 2, which one has the property that z” has the greatest real part?

FE RSN EH 2 s W EE A5 2 S s 2 K 2
(A) -2  (B) —V3+i (C) —V2+V2i (D) -1+V3 (E)2

Problem 14
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What is the value of
20 , 100
(Z logs. 3* ) : (Z loggw 25’“) ?
k=1 k=1
TSR ER 2D

20 , 100
(Z log. 3 ) : (Z loggs 25’“) ?
k=1 k=1

(A)21  (B) 100log.3  (C) 200log,5 (D) 2,200  (E) 21,000

Problem 15

A choir direction must select a group of singers from among his 6 tenors and 8 basses. The only
requirements are that the difference between the numbers of tenors and basses must be a multiple

of 4, and the group must have at least one singer. Let /N be the number of different groups that could
be selected. What is the remainder when NN is divided by 100?

GIERITR L AMMBR 6 24 5 mE Al 8 A Bk E Pt — A F MNARNEREH EE S5 T
BNE L ZBAGE 4 S, JF B 208 — AT R N RAEBIX N — AT 1075
M NBREL100 B, REUEZ/D?

(A)47 (B)48 (C)8 (D)95 (E) 9

Problem 16

In the following list of numbers, the integer 1 appears 7 times in the list
forl<n< 2001: 23 2? 3? 3? 37 47 47 43 ey 200) 200? seey 200What is the median of the numbers

in this list?

£ RHPEENLE S, ST 1<n<<200, ¥ n LT nik.
1,2,2,3,3,3,4,4,4, ..., 200, 200, ..., 200

A X HEAE SR A e 2 /02
(A) 100.5 (B) 134 (C) 142 (D) 150.5  (E) 167
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Problem 17

Trapezoid ABC'D has AB || CD,BC =CD = 43 and AD 1| BD. Let O be the
intersection of the diagonals AC and BD, and let P be the midpoint of BD. Given that OP = 11,

the length of AD can be written in the form m\/ﬁj where m and n are positive integers and 72 is not

divisible by the square of any prime. What is 7 + n?

BTy 4BCD 1, AB | CD,BC =CD =43 34 AD | BD. #% 0 &% ACH

BDWAsE, PRBDIh A, DM OP=11, AD KB ERMVR |, Hd m fl n i
R, I A n RREWAT AR BT 7 R . 1 m+n BE R % b2
(A)65 (B)132 (C)157 (D) 194 (E) 215

Problem 18
Let [ be a function defined on the set of positive rational numbers with the property

that J (a ) b) =f (a) + f (b) for all positive rational numbers @ and b. Furthermore, suppose

that / also has the property that f(®) =P for every prime number P. For which of the following
numbers z is J (Z) < 09

b fRAENIETEBEBES PR, SRR 0T FE RIEA R a5 b,
fla-b) = fla) + f(b), st re Bt W g AmEES(P) =D, UL FWA% x,

e (x) <09

7

7 7 25
Wi @B ©F O ®5


https://artofproblemsolving.com/wiki/index.php/2021_AMC_12A_Problems/Problem_18
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Problem 19

(T T .
_ _ sin (— co8s LB) = COS (— sin .’B) _
How many solutions does the equation 2 2 have in the closed

interval [0s T

. (T T
yir (5 cos ) = cos (E . m)z;r_ b1 171105 7 % A2
Ao @®B1 (©2 O3 (E)4

Problem 20

Suppose that on the parabola with vertex V' and a focus F' there exists a point A such
that AF" = 20 and AV = 21. What is the sum of all possible values of the length F'V'?

EBRAETR A Sy VR £ F HMALE EAFAE— A5 A3 AF=20, AV=21, FV FIKFERIFTA
T B AR ) A 2 A0 2

40 4 43
W ®F ©F oMU ®T
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Problem 21

2 2
The five solutions to the equation(z —1)(z° + 22 +4)(2" + 42+ 6) = 0may be written in the

form Tk + Ykt for | < k < 5, where %k and Yk are real. Let £ be the unique ellipse that passes

through the points (@1,91), (%2, Y2), (3,93), (Ta5Ya), and (¥5, Y5). The eccentricity of £ can be

fm
written in the form V 7', where m and n are relatively prime positive integers. What is 72 + n?
c

(Recall that the eccentricity of an ellipse £ is the ratio @, where 2a is the length of the major axis
of £ and 2c is the is the distance between its two foci.)

sz — 1)(2" 4 22 +4)(2° + 42 4+ 6) = Oy A ey b 'S e + Uik, Horh 1<k

<5, T, YRk, AERME—E (T, ), (T2, ¥2), (T3, Ys), (T4, ya) J0(Ts, Ys )i

m
5. EMRORATLLE RV 2, ot om Al e REFRIOIERE. Hm+nkeb? QF
C

(A)7 (B)9 (C)11 (D)13 (E) 15

Problem 22

Suppose that the roots of the polynomial

2 Am o
P(z) = a:3+am2+b:c+carecos 7,003 7,andcos

What is abe?

7 , where angles are in radians.

21 4 o

gz mAP (@) = 2° + a2® + br + ey 7P TS T st i b

No 8] abe ;&% /07

3 1 7 1 1
(A) 19 (B) 33 (©) e (D) 32 (E) 23



2021Spring AMC 12A

Problem 23

Frieda the frog begins a sequence of hops on a 3 x 3 grid of squares, moving one square on each
hop and choosing at random the direction of each hop up, down, left, or right. She does not hop
diagonally. When the direction of a hop would take Frieda off the grid, she "wraps around" and
jumps to the opposite edge. For example if Frieda begins in the center square and makes two hops
"up", the first hop would place her in the top row middle square, and the second hop would cause
Frieda to jump to the opposite edge, landing in the bottom row middle square. Suppose Frieda starts
from the center square, makes at most four hops at random, and stops hopping if she lands on a
corner square. What is the probability that she reaches a corner square on one of the four hops?

T 8 Frieda £~ 3 x 3 {5 R _EIHIG — R AIBkER, BRRBMRABENLIE £ — A7 i ——1f) L,
AN, 22 BRI AT RS B IS5 TS o WA RERIE Bk BRI T 7] 2 {845 Frieda
BT ISR, ey “Se i, BREARX I 57—, filan, Wik Frieda A0 ITRITIG, [
EBEERPIIR, B R B R A R A T e B AT I R R TS S IR BEERKS 1S Frieda BEEIAH
S, VETER N —AT 7 . % Frieda MG ITE R, 2 BENLBRERDD R, I H
24 BT SV 7 M A IR 1) i A DU VR R P BIIA A R T RS R R 2 D

9 3 3
W ®L ©F O ®

Problem 24

Semicircle I" has diameter AB of length 14. Circle € lies tangent to AB at a point P and
intersects I" at points Qand R.IfQR = 3v3 and LQPR = 600, then the area
a\/g

of APQR equals ¢ , where a and c are relatively prime positive integers, and b is a positive

integer not divisible by the square of any prime. What is @ + b + ¢?
FRTEEABKKIEN 14, FQSABHYIT & P IF STHZT A 0 FI R WEQR = 3V3,
av'b

FFHLQPR =60°, 54 APQRpmRE ¢ , Hiaflc REFEMIEBEH, JEH b 2R
BE AT AT 5 B 1) 7 7 SRR IE 5%, (e + b+ et % /b2
(A) 110 (B) 114 (C)118 (D) 122 (E) 126

Problem 25

10
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Let 4(7) denote the number of positive integers that divide 1, including 1 and n. For

example, d(1) = 1,d(2) = 2,454 d(12) = 6, (This function is known as the divisor function.)

Fln) = 20
n) = .
Let \B/ﬁ There is a unique positive integer /N such that F(N) > f(n) forall positive

integers 7 # N What is the sum of the digits of N7

£d(R)Z 75 n IELE (BF 1R D @S, i, (1) =1,d(2) =2d(12) =6 (x4

d
Y I ‘,
B O TR N 2O R B D & VR N, (R TG Essn # N,

F(N) > f(n), 1 N gy 2 g2 /0
a5 @®B6 (©7 M8 (E)I9

11
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2021Spring AMC 12A Answer Key

1 2 3 4 5 6 7 8 9 10 11 12 13

B D D D E C D C C E C A B
14 15 16 17 18 19 20 21 22 23 24 25
E D C D E C B A D D D E

12
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