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2021Fall AMC12A
Problem 1
(2112 — 2021)2
What is the value of 169 ?
2112 — 2021)?
pis 0217 soaz % 4

169

(A)7 (B)21 (C)49 (D)64 (E)91

Problem 2

Menkara has a 4 X 6 index card. If she shortens the length of one side of this card by 1 inch, the
card would have area 18 square inches. What would the area of the card be in square inches if
instead she shortens the length of the other side by 1 inch?

Menkara Hf —3K 4 35 X6 ETHEF] FhH. e RRFIKFHR BB K
E4%s 1 3Et, MizFHROEBRETAHAI8 FH3ET. wRFRGEH —AGKE
4zl <, LA FRYBRELEVFHET?

(A)16 (B)17 (C)18 (D)19 (E)20
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Problem 3

Mr. Lopez has a choice of two routes to get to work. Route A is 6 miles long, and his average speed
along this route is 30 miles per hour. Route B is 5 miles long, and his average speed along this route

1

is 40 miles per hour, except for a 2-mile stretch in a school zone where his average speed is 20 miles
per hour. By how many minutes is Route B quicker than Route A?

Mr. Lopez 7 # % L SRS TAL ik 45, %% A K6 R R, Rl X 53 54TH
B P B A B30 HE. BREBKS HZ, LA XHFREATHGT
Wik BRI A0 RE, BT AERE—BKA 3 RLHFRMEBRA,
oty T3 BRI 20 2R, MK B LIS A S Y o

3 3 1 1 3
(A) 23 (B) 31 (©) 45 (D) 55 (E) 61

Problem 4

’fﬁ‘ﬁ’f‘?‘/\’f.l— 20210A E’%*ié/]’ki—i—A \75""/]\0 ]‘;]AZE;;)LD

a)r B3 ()5 D)7 (E)I

Problem 5

Elmer the emu takes 44 equal strides to walk between consecutive telephone poles on a rural road.
Oscar the ostrich can cover the same distance in 12 equal leaps. The telephone poles are evenly
spaced, and the 41st pole along this road is exactly one mile (5280 feet) from the first pole. How
much longer, in feet, is Oscar's leap than Elmer's stride?

i, Elmer /£ % 4118 % L 8940 AR W EAT AT A F R T Wga R 67 44 . RAF
B9SEH, 8¢y Oscar R 5 & 12 RF MK, LA A H5H, MFE 1R
WEATE 4l BB EATHIIES EAF R —FE (5280 % R). 9 Oscar 45—
#ktt Elmer 69— % K % /3£ R?

(A)6 (B)8 (C)10 (D)1l (E) 15
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Problem 6

As shown in the figure below, point £ lies on the opposite half-plane determined by line C'D from

point A so that ZCDE = 110°. Point F lies on AD so that DE = DF, and ABCD isa
square. What is the degree measure of ZAF E?

e TR T, EELATHALCD s s AR FFal, 7
/CDE =110°, & F4iF AD L, 4#43 DE = DF, 3 H ABCD % —AiF
F o ) LZAFE 892 % V?

110°

B C
(A) 160 (B) 164 (C)166 (D) 170 (E) 174

Problem 7

A school has 100 students and 5 teachers. In the first period, each student is taking one class, and
each teacher is teaching one class. The enrollments in the classes are 50, 20,20, 5, and 5. Let ¢ be
the average value obtained if a teacher is picked at random and the number of students in their class
is noted. Let s be the average value obtained if a student was picked at random and the number of
students in their class, including the student, is noted. What is £ — $?

— B EARA 100 BF A A5 BHIF. £H—H, BAFAR—ITR, HAE
I — 138 BIRAZAIEM ALLA 50, 204 204 5 A0 5. 4o e M AP L —
BHIT, HIL T P A T XBAT S, PR THAA Lo o
REMAUPIE — &% & 90 Tk F & P A 09 BE S & A 77 XBAT %
i, AN EHAA s, Ft—s RS0

(A) —185 (B)—135 (C)0 (D)135 (E)18.5
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Problem 8

Let M be the least common multiple of all the integers 10 through 30, inclusive. Let N be the least

N‘?

common multiple of M, 32,33, 34, 35,36, 37, 38,39, and 40. What is the value of M

& M ZM10 %) 30 (&35 10 =2 30) &) pr A 38y z;%fj\/z}%ﬁ*{(o % N Z M.
%\%\M\%\%\W\%\W%AO%ﬁ¢&%ﬁoﬁﬁzﬁﬁ%§9°
(A)1 (B)2 (C)37 (D)74 (E) 2886

Problem 9

A right rectangular prism whose surface area and volume are numerically equal has edge

lengths logy 2, 1083 ; 44 1084 T+ What is 27
— AN K5 5] A log, x+ log, x #= log, x # K 7 kg A @ AR Fethk AR E HAE £

HME. Flx 2% )2

(A)2v6 (B)6v6 (C)24 (D)48 (E) 576

Problem 10

The base-nine representation of the number NN is 27,006,000,092pine. What is the remainder
when NN is divided by 57

# N 8 Juitfa 4] &7 2 27,006,000,0529. 1] N a5 #9432 % Ve

Ao @®1 (©2 M3 (E)4
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Problem 11

Consider two concentric circles of radius 17 and 19. The larger circle has a chord, half of which lies
inside the smaller circle. What is the length of the chord in the larger circle?

ZRFEAN FFRAIIGANRCEH. BRROBAH—FZ, Lve—
FATFENGEN. FMEROGEOIFZORKRERS 2

(A)12v2  (B)10v3 (C)V17-19 (D)18 (E)8V6

Problem 12

What is the number of terms with rational coefficients among the 1001 terms in the expansion

1000
f(a:%—l—y\/g) ?
0

000
ERAX (xV2+yv3) 681000, A 5 YRR KA RE
(A)0 (B)166 (C)167 (D) 500 (E) 501

Problem 13

The angle bisector of the acute angle formed at the origin by the graphs of the
lines ¥ = T and ¥ = 3 has equation ¥ = kx.What is k?

Wy=xfoy=3x BROAFAXLREVROBAN AT XN FTRA

y:kXO ]B]k}—%gi}‘>

5) 7 5)
e e L P

(A)
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Problem 14

In the figure, equilateral hexagon ABC' D /I has three nonadjacent acute interior angles that each

measure 30°. The enclosed area of the hexagon is 6v/3. What is the perimeter of the hexagon?

ABY, FihxiaH ABCDEF H =484k 8935 A4 30° 896N A w o
A BB R KB BAL 6V, FIAABHAKLS V2
A

C E

(A)4  (B)4V3 (C)12 (D)18 (E)12V3
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Problem 15
Recall that the conjugate of the complex number w = a + b, where @ and b are real numbers

and 2 = V' —1 is the complex number W = a — bi. For any complex number z, let f(z) = 4z

4 3 2
The polynomialP (2) = 2" + 42" + 32" + 22 + lpas four complex roots: #1, 22, Z3, and ?4.
4 3 2
Let@(2) = 2" + A2” + B2" + Cz + Dy the polynomial whose roots

are J (zl), f (Z2), f (Z3), and J (Z4), where the coefficients 4, B; C, and D are complex numbers.
What is B + D7

KM, AR w=a+bi AR AR T =a—bi, fPafbREH,
fi= V1.5 FiT Lz, f(z) = 4iZ. $AXP(z) = 2* +423 + 322 +
22+ 1 B AN AR, 29\ 20~ 23 024, R OQ(2) =2+ A2+ B2+ Cz+ D
A f(z21)s f(22)~ f(23) Ao f(z4) $9 3 AKX, P ZHA.B.CHD R
4. FIB+D X% V>

(A)—304 (B)—208 (C)12i (D)208 (E)304
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Problem 16

An organization has 30 employees, 20 of whom have a brand A computer while the other 10 have a
brand B computer. For security, the computers can only be connected to each other and only by
cables. The cables can only connect a brand A computer to a brand B computer. Employees can
communicate with each other if their computers are directly connected by a cable or by relaying
messages through a series of connected computers. Initially, no computer is connected to any other.
A technician arbitrarily selects one computer of each brand and installs a cable between them,
provided there is not already a cable between that pair. The technician stops once every employee
can communicate with each other. What is the maximum possible number of cables used?

—aAFAHEERI, B 20 A&H—4 A BiEdwlin, -5 910 A
SHE—6BBMA L. AkARL, LRREL QLR #AL
feilit WLk, LHARRKLIN A GERE LB ¢ BEA L. R
TH el g At RE TRL— R I E B ERE, 4
MM ATRALABEAZ . KA, BEZAZAEMTEE. RRAREE
NAFA S0 i 69 W P Bk AR — G W, do RAXA B AR R A AR i,
RARECMZEA LR CY. SHAL R AT AL LA ZAR B0,
HAAR AR LT, MRS TRARMS V4042

(A)190 (B)191 (C)192 (D) 195 (E) 196

Problem 17

For how many ordered pairs (b, ¢) of positive integers does

neither z° + bz + ¢ = O nor 22 + cx + b = 0 have two distinct real solutions?

WiF 2 +bx+c=05x>+cx+b=0#EABHANRE M ELKBYHFE
HHF (bc) B Z I A2

(A)4 (B)6 (C)8 (D)12 (E) 16
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Problem 18

Each of 20 balls is tossed independently and at random into one of 5 bins. Let P be the probability

that some bin ends up with 3 balls, another with 5 balls, and the other three with 4 balls each.
P

Let 4 be the probability that every bin ends up with 4 balls. What is 4?

20 NERP HG B — AR RGBS AP — A Ep ARE—A
WP AH 3K, F—AMAFH S AR, FALERN=ZAATEH 4 AR
Wk RRAEMTH 4 AmamE. AL sy

(A)1 (B)4 (©)8 (D)12 (E)16

Problem 19

. . 2
Let x be the least real number greater than 1 such that sin(z) = sin(z°) , where the arguments are

in degrees. What is & rounded up to the closest integer?

Box RKF 1M ENEH, 7 siny =sin (x2), b6 A B EH Bl
7 ) LR SRR 0 x ARG EHR S Yo

(A)I0 (B)13 (C)14 (D)19 (E) 20

Problem 20
For each positive integer 7, let J1(n) be twice the number of positive integer divisors of 12, and

for J > 2 1et fi(n) = f1(f5-1(n)) For how many values of 7 < 50 is fso(n) = 127

AT HEANESEHN, 4 fi(n) Rn 6 EFBHBRAAKG AL, F AN T >2,
4 fi(n) = fi(fi1(n))e 3T n <50, #HE fso(n) =12 4 n{iH % YA

(A)7 (B)8 (C)9 (D)10 (E) 11
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Problem 21

Let ABC'D be an isosceles trapezoid with BC | AD and AB = CD. Points X and Y lie on

diagonal AC with X between A and Y, as shown in the figure.
Suppose ZAXD = /BYC =90°, AX =3, XY = 1,and YC = 2. What is the area
of ABCD?

#% ABCD 2 % 24# , 3% BC || AD, 82 AB=CD. wBAFiF, & X fo
YirFara&k ACE, X4 FAFY 219, Bi% LAXD = /BYC = 90°,
AX =3, XY=1, YC=2. ¥ ABCD th&@# 2 % 'V?

B

D
(A)15  (B)5V/11  (C)3v35 (D)18 (E)7V7

10
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Problem 22

Azar and Carl play a game of tic-tac-toe. Azar places an in X one of the boxes in a 3-by-3 array of
boxes, then Carl places an O in one of the remaining boxes. After that, Azar places an X in one of
the remaining boxes, and so on until all boxes are filled or one of the players has of their symbols in
a row—horizontal, vertical, or diagonal—whichever comes first, in which case that player wins the
game. Suppose the players make their moves at random, rather than trying to follow a rational
strategy, and that Carl wins the game when he places his third O. How many ways can the board
look after the game is over?

Azar #= Carl 3L FHLHF K. Azar 3 X £ 3B AN — AT, KRB
Carl f O HEBEA —AZTH,F. 25, Azar FX HE AL —AZHKP, Kk
R, ML afe g T3 AMFTERT —H CTUAAKFH, BH,
KA EAETAR), MAZAREEMATT Ko HFRRLELTRARI AT
AR BRF T LR BEARHRAMWYAEFT, R AL EBEMLY
¥k FHE Y Carl HBEFH =4O Bf, WmFTHR. LR b R af,
B A B B VAR

(A)36 (B)112 (C)120 (D) 148 (E) 160

Problem 23
A quadratic polynomial with real coefficients and leading coefficient 1 is called disrespectful if the

equation p(p(z)) = 0 satistied by exactly three real numbers. Among all the disrespectful
quadratic polynomials, there is a unique such polynomial p(x) for which the sum of the roots is

maximized. What is p ( 1) ?

do RAGIFA ZAFHHRFTRp(p(x)) =0, RABGARAKA 1L RAHK=
KERKp(x) BHRARZEEN, EARZEEN KSR, A
B—0 SR K P(x) R LSRRI RE KE. F p(l) % V2

) )
W ®F ©F 1 ®;

11
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Problem 24

Convex quadrilateral ABC'D has AB =18, /A = 60°, andE | €D 11 some order, the

lengths of the four sides form an arithmetic progression, and side AB is a side of maximum length.
The length of another side is a. What is the sum of all possible values of a?

A ABCD ¥, AB =18, LA =60°, 5 H AB | CD. #B {4
WA, AR RBEHR—ANFLEKT, FHLABRZE |k, 5 —410t
KEZa. B a A TRALHERZS J?

(A)24 (B)42 (C)60 (D)66 (E) 84

Problem 25

Let M 2 5 be an odd integer, and let D(m) denote the number of quadruples (a1, az,a3,a4) of

distinct integers with 1 = @i < ™M for all i such that m divides @1 + @2 + @3 + @4. There isa
3 2 —

polynomiald (%) = €37° + " + 12 + Cosych that D(m) = q(m) for all odd

integers 70 = 9. What is ¢ ?

Em>5RF%, 4Dm) AT THAL 1<a;<m, F#Ha+ar+
a3 + ag BEAR m HIRG R R H AR @ A (a1, a0, 03,04) A HIE
% X q(x) = c3x° + cox® +c1x +cg, %43 D(m) = g(m) 3 F A 4 %

m>5mLo Flcog £%?

(A) -6 (B)—-1 (C)4 (D)6 (E)11

12
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2021Fall AMCI2A Answer Key

1 2 3 4 5 6 7 8 9 10 11 12 13

C E B E B D B D E D E C A
14 15 16 17 18 19 20 21 22 23 24 25
E D B B E B D C D A E E

13
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