2018 AMC 12A

2018 AMC 12A

Problem 1

A large urn contains 100 balls, of which 36% are red and the rest are blue. How many of the blue
balls must be removed so that the percentage of red balls in the urn will be 72%? (No red balls are to
be removed.)

—/NREAE 100 PR, H 36%HEREL AR, HarER il an . wIiE# R 2 DA EEK,
A RE1S KRB B BRI L EI A 72%2?  (IRASHFRERR. D
(A)28 (B)32 (C)36 (D)50 (E) 64

Problem 2

While exploring a cave, Carl comes across a collection of 5-pound rocks worth $14 each, 4-pound
rocks worth $11 each, and 1-pound rocks worth $2 each. There are at least 20 of each size. He can
carry at most 18 pounds. What is the maximum value, in dollars, of the rocks he can carry out of the
cave?

Carl fE—N IR BRERES, &I T —2 5 B A LB NE 14 3200, 4 BEEALBHRNME 11
Ft, S IR E M AR RRNE 2 ko0, MM ALERDH 20 . i 26 18 15,
Ay BAM L ¥l s 28 R A A B KA E 2 22K on?

(A)48 (B)49 (C)50 (D)51  (E) 52

Problem 3

How many ways can a student schedule 3 mathematics courses -- algebra, geometry, and number
theory -- in a 6-period day if no two mathematics courses can be taken in consecutive periods? (What
courses the student takes during the other 3 periods is of no concern here.)

—NEAERREAE ORI 6 IR AR 3 1R, TSR, BERAT AT A URAN R
gt (G =R ZHETFm R , E A 2Dl Irik?
(A)3 (B)6 (C)12 (D)18 (E)24
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Problem 4

Alice, Bob, and Charlie were on a hike and were wondering how far away the nearest town was.
When Alice said, "We are at least 6 miles away," Bob replied, "We are at most 5 miles away."
Charlie then remarked, "Actually the nearest town is at most 4 miles away." It turned out that none
of the three statements were true. Let d be the distance in miles to the nearest town. Which of the
following intervals is the set of all possible values of d?

Alice. Bob. Al Charlie fE4ED kAT, MATARAIE & HIEKIREEE £ . Alice Bl:  “FRA
2/H 6 JEHTE, ” Bob & UL: “TAMImEZRASFEHEIT. 7 Charlie PFiRiE: “FA1&
ZHRE 4T, 7 Eh EXEABRIREA L. 4 d BT i 5 ot AL, LR
LR AT A RERES?

(a) (0,4)  (B) (4,5) (€C) (4,6) (D) (56) (B) (5 00)

Problem 5

What is the sum of all possible values of k for which the
polynomials 2> — 3z + 2 and 2> — 52 + k have a root in common?

52 mRe? — 3o + 2f0a® — bx + kA — AL KR FTA W REIN & (R I SR 2/ 2
(A)3 (B)4 (C)5 (D)6 (E) 10

Problem 6
For positive integers m and 7 such that m + 10 < n + 1, both the mean and the median of the

set 1, m +4,m+10,n + 1,0+ 2,2n} 4 equal to . What is M + n?

T Em -+ 10 < n A+ UGIERS nfl o, 2aimm+4,m+10,n 4+ 1,1+ 2, 2n}ygp

YEA R EEET n, m+ nEZ/b?
(A)20 (B)21 (C)22 (D)23 (E)24

Problem 7

2 n
For how many (not necessarily positive) integer values of 12 is the value of 4000 - (3) an integer?

WFZORH, (5134000 (2) K

(A)3 (B)4 (C)6 (D)8 (E)9
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Problem 8

All of the triangles in the diagram below are similar to isosceles triangle ABC), in
which AB = AC'. Each of the 7 smallest triangles has area 1, and A ABC has area 40. What is the
area of trapezoid D BC'E?

TEIFHHITE =ML SEE =M ABCHEAL, AB = AC. T NE/DMFIZAEFEREZ 1,
ANABCWIHAR R 40. BT DBCE R &% /b ?

) AN

AN

(A)16 (B)18 (C)20 (D)22 (E)24

Problem 9

Which of the following describes the largest subset of values of ¥ within the closed interval [0, 7] for
whichSin(z + y) < sin(z) + sin(y)for every x between 0 and =, inclusive?

LA IR —k itid FAEMXT [0, 71 y BUER &K T4, 13
sin(xz + y) < sin(x) + sin(y)
KEFAE O Rl o 22 8] (A4 O Rl o) HOREAS x JRL?

3
A)y=0 (B)0<y<— (C)0<y<= (D)0<y<= (B)O<y<n
4 2 4
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Problem 10
How many ordered pairs of real numbers (m, y) satisty the following system of equations?
r+3y=3
[lz| = |yl = 1
A2 DH PR (x, y) XA I A 3T G
r+3y=3

|l = Iyl| =1

(A)1 (B)2 (C)3 (D)4 (E)8

Problem 11

A paper triangle with sides of lengths 3,4, and 5 inches, as shown, is folded so that point A falls on
point B. What is the length in inches of the crease?

WMEFTR, =K 3, 485 ST =M &, (158 AEAER B Lo PRI
2

B

A 4 C
1 7 15
(A) 1+ 5\/5 (B) V3  (C) I (D) < (E) 2
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Problem 12

Let S be a set of 6 integers taken from {1,2,...,12} with the property that if @ and b are elements

of S with @ < b, then b is not a multiple of a. What is the least possible value of an element in S?

B SN, 2, o, 12V FHHH 6 NMEBARKIES, AW R af b2 S PRt RIt
WAe alh, A bARE aIfEE. SHITERMB/NITRMERZ/D?
(A) 2 (B) 3 (C)4 (D)5 (E) 7

Problem 13

How many nonnegative integers can be written in the

form@7 - 3" +a6-3°+as-3°+as-3* +as-3°+ax-3°+ a1 -3' + a0 - 3% where
a; € {—1,0,1} ;0 < i < 7o

A Z DA AETERERT LIS A TR

ar:-3"4a6-3°+as-3°+a,-3"' +as-3*+ay-3°+a, -3 +a,-3°,
HopxfF0 <0 < Tgyai € {1,019

(A) 512 (B) 729 (C) 1094 (D) 3281  (E) 59,048

Problem 14

1 1
The solution to the equation logs, 4 = log,, 8, where  is a positive real number other than 3 or 2,

P
can be written as ¢ where P and ¢ are relatively prime positive integers. What is ? + ¢?

r
FTE log, 4=log, 8 (it x %x%%% o %E@E%ﬁz, IR AR, Hh p A g
EHRIESE. p+ g R2b?
(A) 5 (B) 13 (C) 17 (D) 31 (E) 35
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Problem 15

A scanning code consists of a 7 x 7 grid of squares, with some of its squares colored black and the
rest colored white. There must be at least one square of each color in this grid of 49 squares. A
scanning code is called SYMmetric if its look does not change when the entire square is rotated by a
multiple of 90° counterclockwise around its center, nor when it is reflected across a line joining
opposite corners or a line joining midpoints of opposite sides. What is the total number of possible
symmetric scanning codes?

—ANHEMAREEH = TxTWIET RN AN, Kb —SIEG RS EEA, KN
Ff. X 49 1% F BRGNS E2DE —A WRBAFH0E DLorb O R Rl w4 g 90°

I, BRI IE 7 TR N 1 46 DA S 00 0 s LR e i, BN TR R A A, 40X
AP AT FRET . B Bl RE X PR AR 1) 22 2 /0 2

(A)510 (B) 1022 (C)8190 (D) 8192 (E) 65,534

Problem 16
Which of the following describes the set of values of a for which the

2 2 2 2 . ) .
curves T~ + Y~ = @ and Y = T~ — @ in the real TY-plane intersect at exactly 3 points?

AL 2 + )2 = &2 M y= x° — aff xy SSAERRRAAUTAT 3 NAC S0 a IR EUAE H B2 AT 4 2

M) a=7 @ j<a<y (©@a>; MDa=g ®a>g



2018 AMC 12A

Problem 17

Farmer Pythagoras has a field in the shape of a right triangle. The right triangle's legs have
lengths 3 and 4 units. In the corner where those sides meet at a right angle, he leaves a small
unplanted square .S’ so that from the air it looks like the right angle symbol. The rest of the field is
planted. The shortest distance from S to the hypotenuse is 2 units. What fraction of the field is
planted?

AKX Pythagoras  — LR OV E A =ML K L3, Bk BB K5 0 34N Ah A
AANHAL, FEPISREMUMSCI R E MR AL, BT 17— NRIETTE A AT R, 0
Bbric oy S, ERNEFETERERLEMOIR. R0 EMARET 7R A S 2R
AR R N 2 AL, BEP R L2 2 /07

6 3
@ ®2 ©r O @

Problem 18

Triangle ABC with AB = 50 and AC' = 10 has area 120. Let D be the midpoint of AB, and

let £ be the midpoint of AC'. The angle bisector of Z BAC intersects DE and BC at F and G,
respectively. What is the area of quadrilateral F'D BG?

TE=fAI ABCHR, 4B = 50, AC = 10, HEHBA 120. 4 DANABHH RIFH £ENACH 5.
ZBACKIF Py 8y M S DEMBCHIAZ T FRI G, WIATE FDBG WITHA 22 /2

(A) 60 (B) 65 (C) 70 (D) 75 (E) 80
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Problem 19
Let A be the set of positive integers that have no prime factors other than 2, 3, or 5. The infinite
1 1
—++++++++++++++
suml 2 3 4 5 6 8 9 10 16 18 20 of the reciprocals of
m

the elements of A can be expressed as 7, where m and n are relatively prime positive integers.
What is 10 + n?

L AR T RA 2, 3805 MIEBMARMES. £E A TRIFTE R EIE TR A
1+1+1+1+1+1+1+1+1+1+1+1+1+1+ m

2 3 4 5 6 8 9 10 12 15 16 18 20 T%%/ji\‘j\jn, HpfnEH
I IEREE L, m+ gL/

(A)16 (B)17 (C)19 (D)23 (E) 36

Problem 20

Triangle ABC'is an isosceles right triangle with AB = AC' = 3. Let M be the midpoint of
hypotenuse BC'. Points I and F' lie on sides AC' and A B, respectively, so
that AT > AF and AIME is a cyclic quadrilateral. Given that triangle FZM I has area 2, the

a— b

length C'I can be written as ¢, where a, b, and c are positive integers and b is not divisible

by the square of any prime. What is the value of @ + b + ¢?

I ABCR— N EMBEA =AY, AB= AC = 3. & M2ERLBC HIH . 7 8 E 55
KT ACHI AB &, 15 AT > AE,  FFH AIME = —ANEANEIAY .. CE=/ATE EWT TR

v
R CTIKETUEEN ¢ . ha b A RESHORH b FREUIERTEIT
TRy, a+ b+ cz/b?
A9 ®10 ©1un @iz (E)I1L3

Problem 21

Which of the following polynomials has the greatest real root?

DL WA~ 22 T S R A K ?

(A) z° 420182 +1  (B) 2" +2018z" +1  (C) 2 +20182* +1 (D) 2" +2018z* +1  (E) 2019z + 2018
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Problem 22

The solutions to the equations 2> = 4 + 4/ 157 and 2% =2+ 2v3i, where t = V=1, form the

vertices of a parallelogram in the complex plane. The area of this parallelogram can be written in the

form PV — Vs, where P; 4, Ty and s are positive integers and neither 4 nor s is divisible by the

square of any prime number. What is P + ¢ + 7 + s7

Jifia? = A+ AV15in2" = 2+ 2V/3i gy T A TAT I . T AT PR
FATTLLPYE — V5 kR, H P s s RIS, I H g B s RHEAE TR 20T 57
Fr¥ERR . 1 p+qrrts MR

(A)20 (B)21 (C)22 (D)23 (E)24

Problem 23
In APAT, /P = 36°, ZA = 56°, 3nd PA = 10. Points U and G lie on

sides TP and T'A, respectively, so that PU = AG = 1.Let M and N be the midpoints of

segments P A and UG, respectively. What is the degree measure of the acute angle formed by
lines M N and PA?

tEAPAT i, ,p=36°, /A=56°, JH PA=10. U&H G A4k FTPATA, 1,
45 PU= 4G = 1. 4 M1 N4 PARU G . B0k VA PA T R I8 H 160 £ FE 2

e

(A)76  (B)77 (C)78 (D)79 (E) 80
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Problem 24

Alice, Bob, and Carol play a game in which each of them chooses a real number

between 0 and 1. The winner of the game is the one whose number is between the numbers chosen
by the other two players. Alice announces that she will choose her number uniformly at random from
all the numbers between 0 and 1, and Bob announces that he will choose his number uniformly at

1 2
random from all the numbers between 2 and 3° Armed with this information, what number should

Carol choose to maximize her chance of winning?

Alice, Bob, fl Carol Bt— ik, HAPREANTLZESE DN T 0 M 1 Z R EE. R4
FIEFERE T HAP D Be R Frk Rz 8], BARADTE AR MR E . Alice EATMAI A O

B 1 Z AP 2 B8 S0 o A BE AL e 35 4 1) 20, Bob EATARKS AL AN 2 Z TRl i Hoh 4%
R 51 A BEALIE B E . B T IXEE(E R, Carol NAZEEAT A HOR B AU ZR N 22 ?

3
@z By ©5 O ®;

Problem 25

For a positive integer 7 and nonzero digits a, b, and c, let An be the n-digit integer each of whose
digits is equal to a; let Br be the n-digit integer each of whose digits is equal to b, and let C be
the 2n-digit (not n-digit) integer each of whose digits is equal to ¢. What is the greatest possible

2
value of @ + b + ¢ for which there are at least two values of 1 such that Cn— B, = A'n.?

XTI n MAEFRT a, UL ¢, 2 AN n B8, KA -NHTHET a2 2 B A
BRSBTS T b A GO 2n AL (AR B ED, KA THET co

i8R ¢, - B, = 42 M TELFHAN nlBSIi a + b+ ¢ KT REUEAZ 2
(A)12 (B)14 (C)16 (D)18 (E)20

10
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2018 AMC 12A Answer Key

1 2 3 4 5 6 7 8 9 10 11 12 13

D C E D E B E E E C D C D
14 15 16 17 18 19 20 21 22 23 24 25

D B E D D C D B A E B D

11
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